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An initial boundary value problem for the linear Schrédinger equation with nonlinear
functional boundary conditions is considered. It is shown that an attractor of the problem
contains periodic piecewise constant functions on the complex plane with a finite number
of the points of discontinuities on a period. The method of reduction of the problem to a
system of integro-difference equations has been applied. Applications to optical resona-
tors with feedback have been considered. The elements of the attractor can be interpreted
as white and black solitons in nonlinear optics.
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Introduction

In this paper, an initial boundary value problem (IBVP) is considered, which
describes dynamics of two free particles characterized by opposite impulses that
are placed into a quantum box. Thus, we analyze the dynamics of a kicked
charged particle moving in a double-well or a more complex potential which is
placed at flat walls of the box. In [1], a deterministic version of classical Langevin
problem has been studied, where the movement of a charged particle in a double-
well potential is analyzed. It is shown that the Langevin problem can be reduced
to the study of a family of iterated function systems containing a complex logistic
map. This result provides physical meaning for the Julia set. Similar approach [2]
is applied to the study of the initial value boundary problem for the Liouville
equation with nonlinear dynamic boundary conditions. The problem describes a
velocity of time evolution of the probability of particles at walls that confine the
particles. Note that these velocities are nonlinear functions of the density of the
probability of particles that occupy flat walls. The attractor of the problem has
been constructed. This attractor contains periodic piecewise constant functions
with finite, countable or uncountable (homeomorphic to the Cantor set) lines of
discontinuities on a period, which propagate along the characteristics of the Liou-
ville equation. Such elements of the attractor are called the limit generalized dis-
tributions of relaxation of pre-turbulent and turbulent type, with respect to the
Sharkovsky classification [3]. In the present paper, we expand the results reported
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in [1,2] to the IBVP, where the motion of free particles characterized by different
impulses is described by the generalised Shrodinger-type equations. The related
operators are linear with small parameters, and with symbols that are polynomial
functions

n .
Pn(p):Zaij, n=12,3,... (1)
=0

Here, p e R, p corresponds to the operator p =—ihd/dx, where & > 0 is a small
parameter. If n = 2 then we deal with the Shrodinger equation. Let us define

E:—ih—t p=—ih— (2)
and consider the uncoupled system of equations
(E+B (D)3 (x0)=0, k=12, 3)
Let initial conditions to be of a special form
Vi (x,O):exp(%ockx). 4)
Then we can find a solution in the form
i (x,1)=exp (%X%x + Xlztj , M (xt)=exp (%klzx + X%tj (5)

where k{eR, i,j=12.

The corresponding initial problem has been solved in [4], where it is shown
that the problem may be reduced to the Hamilton—Jacobi equations

M+p(M)=0, 23 +R(3])=0 (6)
and to a system of transport equations, respectively:

¢, " aP”l (M) 00y _

0, 7
ot op Ox @
2(41

a(PZ + aPn (7\,2) a(PZ =0. (8)

ot op ox

Let us define
ory (1) or; (15)

= 7\,1 . —_— = 7\42 . (9)

ap op

Then
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901 15, %y, (10)
ot Oox
0P, 0P,
ot 2 Ox (ih

where we assume that A; >0 and A, <0.

Now we consider functional boundary conditions
01(0,)=9,(0,2), @ (L1)=D (o (L,)). (12)

Integration of these ODEs along the characteristics with account of boundary
conditions (12) results in the relations:

(Pl(lat)z(Pl(Oat_l/xl)=(P2(0’t_l/7"1) -

= @y (Lt=1/0 =1/hy) =@ (o (Lt =1/0)=1/N,). (13)
Define A=1I/\; +I/\, . Then it follows from (13) that
¢y (1,t) =@ (o (1,t-A)). (14)

The solutions of (14) can be found by step-by-step iteration of the initial function
hy(t) over [-A,0). Let us define y(t) = @(/,¢). Then A (¢) can be determined by

the method of characteristics, so that y(¢)=o(t) =@(t) for te[-1/A,,0) and
o) =9, (1) =9, (t), 1 €[0,1/A;) (see [5], Fig. 85).

1. Hamilton—Jacobi equations

The Hamilton—Jacobi equations have solutions

7\'%:“1’ 7¥12:_Pnl(a2)a 7¥12:0L1a 7é:—Pnz(Oﬁz)- (15)
Thus
Si(x,1)= o x—PBf (o )t, k=12. (16)
For the solvability of the IBVP we should assume that
ory (M)
——=<0. (17)
p
Now for the Hamilton—Jacobi equations,
aimn"(@j:o, k=1,2, (18)
ot ot

we postulate the periodic boundary conditions

$1(0,6)=8,(1,t), S,(0,6)=8,(L,t) >0, (19)
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S (x,0)=8P(x), S5(x,0)=5](x), 0<x<I. (20)

Next, we extended the initial conditions to x € R [-periodically. In this case, solu-
tions of the initial problem for a phase will be a solution of the boundary problem
with the aid of periodical extention of the linear phases §,(§), S;(n), where

S (x,t)=oux—BF (o)1, k=12, n=0,1,.... 1)

2. WKB-approximation with a complex phase

Thus, we consider IBVP for two linear PDEs with the symbols, which are
polynomial of order » = 2,3,... [6] and with nonlinear functional or dynamic
boundary conditions. For example, for » = 2 we have two uncoupled Shrédinger
equations. The boundary conditions represent the relations between amplitudes
and phases of (in) and (out) waves at the walls of the quantum box. We consider
1D case, but the results may be generalized on 3D case. It should be noted that the
boundary conditions include a phase-dependent exponential factor. The initial
conditions have the form

u(x,t,h)=A4(o) [(Po (x,7) foSi(xt) oS (x1) | o (1/ co)} (22)

where $,S, >0, @g are smooth functions. If
S(x,t) =8, (x,t)+iS,(x,1), @=1/h (23)
then a solution of (22) has the form

i.S(x,t)

u(x,t,h)—A(l/h){(po(x,t)eh +O(h)J- (24)

The solutions are called WKB-solutions. Here, # > 0 is a small parameter. It
means that we consider high-frequency approximation or approximation of geo-
metric optics, that is called sometimes the approximation of thin laser beams. That
is, for each fixed 7 > 0, a solution is «localized» in the vicinity of some curve (see
[7, p. 33]). The motivation of the introduction of a small parameter 4 >0 or «in-
ner Planck constant» is that asymptotic solutions of this equations (# — 0) are
used for the quantization ([7, p. 31]). The construction of the asymptotic solutions
can be provided by the method of reduction of the problem of a system of equa-
tions of quantum mechanics to a system of equations of classic mechanics: to the
Hamilton—Jacobi equations for phases and transport equations or Liouville equa-
tions for amplitudes.

The construction of complex solutions of these equations of quantum mechan-
ics for infinitely thin laser beams allows writing WKB-solutions in the form

. m .
w (x,0,h) = eSM Y ok (x,0) | k=12 (25)
Jj=0
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where Sj, and (p]; (x,t) are solutions of the Hamilton—Jacobi equations and Liou-

ville equations.

Note that the Hamilton-Jacobi equa-
tions can be solved exactly. The zero
approximation can be determined with
accuracy O(hz) and one is a real func-
tion, but another functions admit imagi-
nary corrections to a phase, that is for
each next /2.

In the present paper, this method of
reduction is applied to the boundary
problems of quantum mechanics. The
results can be transferred to problems
of nonlinear optics, to the Ginzburg—
Landau equations for a two-component
order parameter: an example is the sys-
tem of the Gor'kov equations, which
describes the density of Cooper pairs in
superconductors of type 2 [9], and so on.

u! (O,t) = kluz (O,t) ,

u’ (l,t) = kzuz (l,t),

g 4

>

0 z

Fig. 1. The trajectories of hyperbolic dy-
namical systems with attractive and saddle
points in a plane

t>0. (26)

Let us consider a system of partial differential equations with constant coeffi-

cients which have polynomial symbols

n .
=2 a;p’
j=0

where P,(p) is a polynomial of variable p e R of power n=12,....

27)

Formally, the

transformation of variable p into operator p=—hd/dx results in the differential

operator (27):

P,(p)= [—zh—j Za j;

with constant coefficients.

(<Ei+ B (5))(x.0)=0, k=12

where E =ihd/ot .

(28)

(29)

3. Beck’s type boundary conditions

We consider the functional boundary conditions

¢ (0,2,h) =S, (0, (0,,1)), 5 (0,6,) =5, (5 (0,2, h))

and the initial conditions

(30)
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(I)l(x,O,h):hl(x,h), 0, (x,O,h)zhz (x,h) (31)

where §), S, :R— R are given functions. As follows from [1], such boundary

conditions can describe the dynamics of a kicked free particle moving in quantum
box with a double-well surface potentials. The related classical case is considered
in [9]. Indeed, as noted by Beck [1], «Though we will usually call the dynamical
variable in our equations the velocity of a particle», our approach is much more
general. Double-well potentials have many applications in physics, in subject ar-
eas as diverse as chemical kinetics, non-equilibrium thermodynamics, elementary
particle physics and cosmology.

AW
w=D(g)
D)
i B 10,
B1 ORI(5)] g
| Bs |
T
AZ
—<cu<=-= I8
474 BN [ P P~
1 2 3 4 5 t
Bl +
Bs
1]

Fig. 2. Limit solutions of relaxation type

Really, at time ¢, a free particle gets a strength ¢ =a+ib in x-direction. Con-
sider the velocity v (¢) = (u_(t),w_(t)) and v (1) = (u+(t), w' (t)) before and af-
ter the kick. Then we have

ut=u"+a, w=w +b (32)
that is equivalent to

z¥=z"+c (33)
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where ¢ =a+ib is a complex constant. Next, we assume that the strength is act-
ing at each of two flat walls of the quantum box. Then we can consider a generali-
zation of (33) in a nonlinear case so that

v (0.6)=@(y2(0.0)), (L) = (v (L1)) (34)

where ®@:/ — [ is a given function. / is an open bounded interval. Here, ¥ = z
and ¥, =z . The index (£) labels quantities before (-) and after (+) the kick. If ®:=
= Id, where Id is an identical map, we obtain linear boundary conditions of type (33).

It is shown in [1] that in an unbounded homogeneous space, complex nonlinear
mappings @ arise as stroboscopic mappings of certain classical particle dynamics.
In a sense, that is the deterministic version of a typical Langevin problem. Gener-
alization of [1] is considered in [2] by the example of 2D initial boundary value
problem for the Liouville equation with nonlinear dynamic boundary conditions
which describes the velocity of time evolution of the probability of particles at the
walls that confine the particles. These velocities are nonlinear functions of the
density of the probability of occupation of the flat walls. The attractor of the prob-
lem has been constructed. This attractor contains periodic piecewise constant
functions with finite, countable or uncountable points of discontinuities per a pe-
riod, which propagates along the characteristics of the Liouville equation. Such
elements of the attractor are called distributions of relaxation of pre-turbulent and
turbulent type, respectively. There are also random distributions of particles,
which can be produced by the nonlinear feedback at the walls. The results has
been obtained by the reduction of the problem to dynamical system which is de-
scribed by system of difference equations depending on coordinates and mo-
menta. It is shown that a change in these parameters results in period-doubling
bifurcations of elements of the attractor on a 4-dimensional torus. The problem is
solved in the class of quasi-periodic functions.

The main contribution to the behaviour of solutions of IBVP is made by bou-
ndary conditions in complex space because we assume that the equations of quan-
tum mechanics are linear. Next, these equations can be reduced in WKB-appro-
ximation to a canonical system, which represents coupled system of the Hamil-
ton—Jacobi and transport equations for the phases and amplitudes, respectively.
The problem is reduction of the boundary conditions for the quantum equation to
the boundary conditions for classical canonical equations. A similar example has
been done in [1] for the problem which describes the dynamics of a charged particle
moving in some arbitrary potential and magnetic field under the influence of kicks.

4. Decomposition on amplitudes and phases
In this section, the problem of decomposition of density u is discussed:

_ TS iTSk
u=wue +..+uge (35)

where t=1/h. Phases S; should be found. If j = 1 then we have the known WKB-
decomposition. If there is a unique term in the series then only the phase factor
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appears. But for many terms, the choice of relative phases for the Cauchy problem
is important. Special procedure for the determination of phases is presented below.
We begin with the Cauchy problem. Let the solution be

=2 Wy (x.0) (36)
1=0
As an example, we consider the initial problem
(E+16,1)w(x,t)20, (37)
\l/(X, 0) _ eih(?ulx-%?»zt)d)ox ' (38)
The solutions are
y(x,t) = MR (1) (39)
Substituting (39) into equation
0 0
—ih—+P, | —ih— x,t)=0, 40
{ = n( 8xﬂy( ) (40)
we get

0 o
[(Kz—ih5j+}’n(kl—ihaﬂ(b(x,t):o. (41)

The initial conditions are
i i

y(5,0) = o(x,0)=eh" g (x). (42)
It follows from (42) that

7\,1 =, ¢(x,0)=¢0 ()C) (43)
Now we not that the term
0 0
Ay —ith— |+ P,| Ay —ih— 44
(Zlﬁtj ”(llaxj )
may is obtained from the function

by formal transformation E’ — 9/0x. Now we expand functional (45) into a Tay-
lor series in terms of /4 so that

F(h) =Y "———F(h) =(r+P, (1)) +
=Yg 7] =(asnh)
oP, hk ka" k
h| —iE' A . 46
+ [ o ]+226p ak( )(P) (46)
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After transformations E’ —>§ and p' > 9
t

ox

., 0 ., 0

0 ap " (-ih)" 6P ok
— ih| = Z (M) —- 47)
8t ap ax ) Ox

Relation (47) can be rewritten as

(%, +g1(x1))¢(x,t)_,-h(@+a& (M)a¢(x,t)J )

ot op ox
v (=in)* P, .\ 0" o(x,1)
+ A =0. 48
DT A (48)

The exact solution of the problem cannot be derived from (47) by the choice of
constants Aj, A, and function d)(x,t). By setting additional terms in expansion
(48) equal to zero, we can get asymptotic solution on 2 (A — 0).

Thus we have the equation

Ay + B, (M)=0 (49)
and
8(1) oP o0
A =0. 50
o op PG ox 50)
Equation (49) has a solution
S(x,t)=ox—P,(a)t, Ay =0, Ay =—F,(a). (51)

Equation (49) can be rewritten in more clear form which is equivalent to (50). In-
deed, consider a vector field v at plane (x;¢) with coordinates which are inde-

pendent of x; 7. The vector field of this type is

oPk
M| k=
v= (@?k( 1)s j k=1,2. (52)

It means that there exists a derivative along the trajectories of vector field v in the
left-hand part of (50). Then the transport equation is an ODE

@ _,

dt (53)

where d/dt is a derivative along the trajectories of the vector field. It follows from
(53) that ¢ must be constant along the trajectories. The transport equation allows
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obtaining of a solution with accuracy O(hz). To obtain the succeeding terms of the
asymptotic series, we must find ¢(x,¢) as a formal power series in 4. For ¢g, we
obtain the transport equation again. Then the right-hand part of ODE is of order

O(hz) for each integer s >0.
5. Complex transport equations in a first approximation

Next, we consider a function ¢;(x,?). Then, with acuracy of order O(hz), we get
the equation

oh, OB, @ i &P, . 0*
b T )Ll 0T, (54)
t Op x 2 0p ox
which can be written as
do, i &*P 00,
———Z n(y 55
dr > apz ( 1) axz ( )

by the definition of d/dz. If ¢o(x;¢) has been determined earlier, the integration of
(55) allows obtaining ¢(x;?).

Further, we consider the terms of the equation that are of h3, h4, ... by order.
Then we obtain a recurrent system of equations, which determine functions
d(x;¢). Each successive function can be obtained from the previous one by inte-
gration along vector field v.

6. Systems of linear quantum equations with nonlinear boundary conditions

Consider the following system of equations
—ha(;v—tk-i-Hk(x,p,t)\uk:O, k=1,2, (56)

with the initial conditions
Wi (5,0) ="K (x)wo (), (57)
and the boundary conditions
Vi) =@ (v, )‘x:() SRR SYCATY I (58)

where @, @, are assigned functions. Here y is the quantity conjugated to y. The

Hamiltonian of the problem Hj{(x; p; t) satisfies the estimation

D¢ DY H, (x, p.t) < Coug (1+[x]+|p])" (59)

where m >0 is a fixed number, a, B are multi-indexes, Cyg are constants.
If H, = Pn(k) then the problem can be reduced to a system of equations with
accuracy O(hz):
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0 1 0
o, o (xl)ad’1 =0, (60)
ot Op ox
0 2 0
0, , o (xz)a‘j’2 =0, (61)
ot Op ox
with the boundary conditions
2 2 2 2
o <o [od | Lo -] 6
x=0 =
and the initial conditions
of (x,0) =Ry (x), k=12. (63)

A solution has the form
w (x.t)=y(t=x/h), ul(x.0)=y(t+x/1,) (64)

where 2, > 61’,}’2/6;9(7»1’2), n=0,1,2,... are coefficients of the related hyper-
bolic equations. Assume that A;A, <0. Then we get (see [9,5]):

y(t+28)=D(y(1)), te[-Loo), A=IV+1/V, (65)
accompanied by the initial condition
YOy =ho), (66)

where h(t)=¢(—t) at te[-1,0) and A(¢t)=¢,(—t) at t€[0,1). A difference
equation can be obtained by simple substitution of a solution in form (64) into the
boundary conditions. Here ® belongs to class CZ(I; 1), the map is structurally sta-
ble. In particular, we can consider well-known unimodal maps [10], for example,
the quadratic map u > u? + n. For some p e R, the maps have an infinite number
of periodic points. Note that point u and trajectory O(u) are called periodic with
period m if f(m)(u) =u, f(j) (u)#u, 0< j<m. For example, a periodic trajec-
tory with period 2 contains two points ug, u; = f{ug), f (2)(uo) =ug, f (2)(u1) =uj.
For u = -2 the map has an invariant measure which is absolutely continuous with
respect to the Lebesgue measure. It means that the trajectories of the related dy-

namical system are «stochasticy.
In a structurally stable case we define separator D of @® as a set

D=U,5oh"P~. Here P~ is closer of set P~ where P~ is a set of repelling

points ofthe map. The separator represents a closed set of zero Lebesgue measure
nowhere dense on interval /, which is finite, countable or uncountable. In particu-
lar, there is the following theorem [5]: D is uncountable if and only if ® has cir-
cles with periods which are different from 2’ (i=0,1,...). Using D, we can con-
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struct a set [ =/ (D) where h depends on the initial data of the boundary prob-

lem. In a structurally stable case, A(¢) satisfies the condition 4(¢) # 0, ¢ € ". Then
topological properties of " are identical to the topological properties of separator
D. T is closed and nowhere dense in [0; 1] with the measure meas(T")=0. I" de-
termines a set of the points of 'discontinuities' for the solutions of the canonical
system of equations in zero approximation (as /# = 0).

The main statement of the present paper is that solutions of IBVP for the ca-
nonical system of equations are asymptotically stable in Skorohod or Hausdorff
metrics if the small parameter / < Ao, where A is determined by the parameters of
the quantum problem. The Hausdorff metric is well-known. It is the distance be-
tween the graphics of solutions in the corresponding topology. This metric is ap-
plied to deterministic solutions. The Skorohod metric can be applied to the random
solutions which represent an attractor of the problem. The Skorohod metric is [5]:

s(v.7) = sup {”V od _‘7”C0(n,1x1) o _Id”co(n,n)} (67)
aeA
Where A is a set of homeomorphisms, /d is identical homeomorphism. Further
on, it will be shown that the solutions of the canonical problem are stable in zero
approximation with respect to perturbations of the initial and boundary conditions
in Skorohod and Hausdorff metrics. It must be noted that there exist a specific
«stability» under specific initial conditions, which determine «solitonsy». Indeed,
the initial functions must be taken from an area of attraction in zero approxima-
tion. Then it can be proved that in the succeeding approximations, all solutions of
an attractive region tend to the limit solution in zero approximation as t+> oo
with accuracy O(hz), O(h3) for the first, second approximation, respectively, and
so on. In this case, we deal with an approximated attractor of the original IBVP.

We can confine ourselves by the approximation with accuracy O(h).
The limit solution can be found, step by step, by the formula

p(1)=0" o @ oh(t-2(2m~1)), re[4m=3,4m~1), m=12..  (gg)

where m is the least common multiple of the periods of attractive circles of the map
® :=®, oD, . A set of the points of 'discontinuities' is determined by the formula

Y +:G{t:t—2nef}. (69)

R
n=l1

7. The first approximation

Consider one of the components ¢;(x,¢) of the system of transport equations.

Initially, we selected the terms of order /% in the small parameter expansion of the
original quantum equations. As a result, we obtain a system of uncoupled linear equa-

tions, which determine perturbations for zero approximation with accuracy O(hz):
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ob] OP) . \o0] i d*Pl .. | 8%
LI (M) o _ 1 () ‘1;0, (70)
ot Op ox 2 op ox
1 2 1 . A2 p2 2,2

84)2 +aR’l 8(1)2 =_16 Ei 0 (I)O (71)

A A .
ot Op (%2) ox 2 op? (%2) ox?

Complex functions (1)%, (1)12 emerge because we use an «incorrect» expansion ([4],
formula (19)):

o(x,0)= D ho,(x1). (72)
j=0
The correct expansion is

0 .

o(x.1)= Y (ih) ¢;(x.1). (73)

j=0

Indeed, it follows from the rigorous theory that general representation of solutions
on the characteristics is ([6], p. 79):

u=1pe ™0 +1u,e™ + .+ e ™ (74)
where t=1/h. The diffculty is that this expression does not coincide with the
formula for the choice of phases S;. If there is only one term in the sum, then this
arbitrariness would result only in a rather harmless phase factor. However, in the
case of several terms, the choice of the relative phases becomes essential. The cor-
rect oscillating terms in (74) are obtained from the projections of semi-density p
that is a solution of the transport equation multiplied by a constant phase factor.
These factors differ by degree i.

This problem can be studied by the example of the Lagrange manifolder A (see
[6], p- 79). To solve of the problem, the method of stationary phase has been applied.

Indeed, the boundary conditions are

(75)

o=@ (05) . o=, (o)

X= X=

The main observation is that the right-hand parts of (70), (71) tend to zero as
t > oo for almost all characteristic of the difference equations. Then we may con-
clude that, as ¢t — oo, the solutions of the boundary problem tend to solutions of
the non-perturbed equations:

1 1 1
%Jraﬁ(m%:o, (76)

o Op ox

1 2 1
00 , % (%) % _y. (77)

o 0Op ox
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Then the problem is reduced to the Sharkovsky problem ([5], p. 247) (without the
right-hand parts of the hyperbolic equations) with nonlinear boundary conditions:

of +hot =y (o3-+heh) . oS+ hoh =y (of +hel) . (78)

x=0 x=

Thus, it follows from (78) that

o) + 1ot =@, (93 ) +h Dy (99) 3

- 00 hdh =5 (7 )+ ) (07 )65

., (19)
!

X= X=

8. Asymptotics for the quasi-invariant initial data

If h = 0, we obtain the well-known IBVP with typical attractors which repre-
sent a piecewise constant periodic function with finite or infinite lines of disconti-
nuities that are located at characteristics of hyperbolic equations. Define, for sim-

plicity, ¢ =u,, ¢3 =u,. Then we find that
@10®2(u1)=u1, uzchz(ul), CDI(MZ):ul' (80)

Next we define u (x, 0) = gy, where a is a single attractive fixed point on interval
I of the map f =D oD,:/ —>1.Put uy(x,0)=®D,(u;(x,0)). Then the problem
can be reduced to the difference equation [5]:

w (£)=f(w (1=A)), A=lVi+1]V,, (81)

where V), V, are coefficients of the hyperbolic equations, VjV, >0. Since

f€C*(I,I) has a single point @ € P* where P" is a set of attractive fixed
points, it follows from (81) that u; - a;, uy - ®,(a;) as t = . Further, it fol-

lows from structural stability of map f that the same statement is true if
(ul (x,0), u, (x,O)) € (05 (P+,CDI (P+))), where Os are some neighbourhoods of
these points. Next, it is known [5] that if f/ is monotone (without an extremum)
then set P* =(ay,...,a,) is finite. The values of piecewise constant limit function

p e P almost at all points except a finite number of «jumps», where the value of p
is a «vertical intervaly. In this case, we deal with the solutions of the relaxation type.

9. Asymptotics of the limit solutions

As a result, the solutions of the transport equations (41), (42) can be repre-
sented as

b (1) = [t—(l’nk(%k))’ xj, k=1,2. (82)

Then it follows from (82) that the solutions of equations with perturbations can be
represented as
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o (x.1) = o [t—(Pnk (xk))' x]+ih¢{‘ [t—(Pnk | (kk)xj, k=12. (83)

The asymptotics of these solutions are

Oy (x,t)=¢ zﬁ2h¢ ( ( )(xk) J k=12. (84)

10. The second approximation

In this case, with accuracy O(h3) we obtain a similar system of equations

1 2 pl 2.1 . A3 pl 3,1
8(1)1 oP, (7“1)6(1)1 _ i O°P, (}Ll)a d;I _Lﬁ 121 (}Ll)a 4)30 ’ (85)
ot 8 Ox 2' ap Oox 3! 6p ox

003  OF, (, \003 _ i O°F} 1) 0 iR (x2)83¢5_

ot ap( 1) ox 2! 8p ( )8)(2 3! 8p3 o’

(86)

Note that the second derivatives of the zero and first approximations tend to zero
as time tends to infinity for almost all points on characteristics. It means that the
limit asymptotics can be described by the limit equations:

2 1 2 2 1 2.1
ot op ox 2! op ] ox?
1 2 2 2
ot ap o 2! op> ox?

(88)

Remind that for the succeeding approximations, the boundary conditions have the
form

07 + o) + 170 = 0y (03 + Aot +°0h )| (89)

x=!

03 + s + 1203 =@ (07 + i} + 1707 ) (90)

Then, as above, on the limit solution (py; py), where p, € P* and P belongs to a
set of attractive points of map ®,o®,, p, =P, (p;), we obtain linearised

boundary conditions (89), (90)

o =i (pr)(03] . #h=5(pa)(0l] . o1

Define (1)12 — i¢12 and (1)% > id)%. As a result, for nonperturbed system (85), (86),

we obtain the difference equation

0F (L+4) = (p)®5 (p)(0F (L1)). A=IV+1/7;. (92)
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Since ‘<I>{ (p) D) (p)‘ <1, then ¢; (1,¢) = 0 as ¢ — oo. For the non-perturbed sys-
tem, function CD% is of the same properties.

It will be shown below that for the perturbed system, the functions ¢f (x.1),
k=1,2 are of the same properties, too. Formally, it is possible because there is
factor 82(1)]5 (x,t)/ ox?, k=12, in the right-hand part of the perturbed system
which tends to zero as t — .

Then, with accuracy O(hz), we obtain the following system

ouy oP! . ouy

oo =R (). (93)
ou oP? Buy (1
o () S =) (94)

where u; :(1)1, U, :(1)12.
The boundary conditions are

w =0 (p)uy| oy Uy =D (p)uy| - 95)
The problem of existence and uniqueness of solutions has been considered in [11].

Next, by integration along the characteristics, we can show that this solution satis-
fies a system of integro-difference equations:

tO 62(1)01
w (Ltg) = (0,6 =1/V)+ W | —=2=(Vit=Wi(to—1/1),t)dt =
to=t/"

®l(u2(0,to—l/Vl))+V1j i (Ve =Vi (1o = 1/11).1)dt =
to=1/h

to~1/N
0%y’

= @ | Oy (1 (0,19~ 1/ = 1/1))+V, (Vat =V, (tg=1/¥1),1)de | +

to=1/Vi=1/V, ox’

fo 2
i J’ ¢’
to=1/N

(it -n(to~1/m).t)d, (96)

ly
uz(l,to):uz(l,to_I/V2)+V2 J- ¢0 (V2t+l/V2 to, )dt
to-1/V,

) Z/VZ 62(1)0

= @y | Oy (uy (Ltg 1V =1/V2))+V, I
to=l/M=1/V, o’

(Vl(t to+1/Vy+1/V;),1)de | +
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ly 2
+ 7, J’ 0 4)0
to—1/V,

(Vat +1/Vy —ty,t)dt . (97)

We deduce from (96), (97) that

82(1)1
1/[1 (l,to)zul (O,to_l/l/l)‘i‘l axzo

(to—1/1) =, (”2 (0”0_1/1/1))”%(%_1/1/2) =

_ * ¢ o° ¢y
= @, D, () (0,0~ 1/ = 1/V))+1 ~ (to=1W;) |+1 ~ (to=1/V5), (98)

62 1
uz(l,to)zuz(l,tO—Z/V2)+lax%(to NAE <D1(u2(0,t0—Z/Vl))+1?¢20(to—l/V2):

o°
=@, | Dy (uy (Ltg — 1/ =1/7y)) +1 0"y Lty =1/ [+1—5- 0% 2 (tg—1/7,). (99)
ox? ox?
Note that one of components (I)%)’2 satisfies the difference equation

u(¢)=G(u(¢-A)) (100)

where A=[/V,+1/V, and G :=®,®, or G :=®,®,. Since G is hyperbolic, it fol-
lows from (100) that

' (§)=G'(u(G-A))u'(G-A) (101)
where u'(C) €O, (P+) and P" is a set of attractive points of the map. Then

w'(€)=G(u(G-a) (W (C-A)) +G'(u(C-A)u"(c-4).  (102)

It follows from (102) that

u' (Q)| <ilu'(¢-A),

C)‘—)O as t — 4o . Then we obtain from (102) that

(103)

where A <1. Hence,

Q)‘ — 0 as t > +o0. The linearised equation

u(C):Ku(C—A) (104)

k(1

has a positive solution u(§)=u(&g)e o) where k = %ln A and A <1 at each

fixed point. Thus

2
¢0 ki) mloyry)
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From (98), (99) (105), we arrive at

2 2
u](1,t0)=u1(0,t0—1/1/1)+1[§j ekl(to_l/yl):®1(U2(0,l‘0—1/1/1))+1[1;—2J ekz(to—l/VZ) =
1 2

2 2
- ®l[®2(u1(0,t0—I/VI—I/VZ))H(%j e"l(fOZ/Vl)}l(’;—z] efalo="2) - (106)

1 2

2
uy (Ltg) =us (L1 —I/V2)+l(§j hlto=n) _
|

1

2 2
- 0, [d)l(u2 (l,to—l/Vl—l/Vz))Jrl(%J ekl(tol/l/l)}ﬂ{ﬁj hlo=M) 107y

Without a loss of generality, we assume that ®, := Id where Id is an identical
map. Then we obtaint from the above equations that

2 2
uy (1,ty) =Dy ”1(Oafo—l/V1—l/V2)+(%J ilo/h) +1[%) hlo™2) (108)

1 1

2 2
uy (1,15 =D, {uz(o,tol/Vll/Vz)v{gj ekl(tol/l/l)}ﬂ(gj 207M) (109)

Since k; , are negative it is easy to see that in these difference equations with

non-autonomic perturbations, the exponential factors tend to zero as ¢ — +x.
Then it can be shown that an asymptotics of solutions can be determined as as-
ymptotics of limit difference equations

2
ul(l,t0)=CD1(u1(l,t0—A))+l(l;—2j ehilo=/h2) (110)
2
uy (Ltg) =@ (uy (Ltg = A)), A=1Vi=1fV;. (111)

But we know that for an unimodal map (with one extremum), the solutions of this
equations tend to piecewise constant periodic functions with finite or infinite
points of discontinuities on a period.

11. Applications to non-coherent optical solitons

The phenomenon of appearing optical solutions is determined by the dynami-
cal balance between the concurrence of two factors: (1) detention of the optical
beam to expand over the media provided by diffraction; (2) detention of the beam
to restrict the media due to self-focusing [12]. Experiments (see [12]) show the
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possibility of the existence of solitons which are spatially non-coherent and quasi-
monochromatic or non-coherent together with spatial-temporal variables. These
experiments initiated a set of theoretical works which concern to the non-coherent
solitons (see [12,13]). However, these works have been confined by the research
of the last case. It means that the corresponding theory could not model non-
coherent white light for example that is studying of spatial-temporal coherent
properties of the solitons and the evolution of the spectral density. In the present
paper this problem is studied, and in this section a simplest clear example of such
situation will be considered. Indeed, below we consider the light that is spatial-
temporal on (x; ). We assume that the spatial profile of the light belongs to the
interval of frequencies [(o, o+ d(o] ; spatial correlation length (across of a soliton)

is always larger at low frequencies and smaller at high frequencies (see [12]).
We begin the research from the following equation:

® ® 2 ro
| Lo ? |\ LT Kagy (1) po(x,z0)=0.  (112)
0z ox | 2k, ox?  ng

Here f® is the coherent density of the optical beam at a fixed frequency,
k,, =ny®/c where ny is the refractive index, o is frequency, c is the velocity of light,

0 determines the angle between the direction of light (at plane (z; x)) and Oz axes.
Spatial-temporal coherent properties of a beam may be studied in terms of
spectral density

B, (x1,xy,2) = '[ de exp[z'kw(xl—xz):[f(”(xl,z,e)f“’(xz,z,e)_ (113)

—0

Note that equation (112) is equivalent to the related equation (113).
We suppose that an optical medium is dispersive. If we assume that
odn(l)/ o0t =0 then the dispersion may be included in the consideration with the

aid of dependence ny = nyp(w). Then instead of the classical equation (112), we
consider the Shrédinger equation in laboratory system of coordinate with an opti-
cal source confined by the one-dimensional case.

Note that semiconductor lasers or laser diodes were considered in [2]. The laser
is a system characterized by the inverted carrier density. The generation and re-
combination of «solitons» coexist. The released energy can be produced by ther-
mal recombination or optical photon recombination, which is used in semiconduc-
tor lasers. Note also that the electronic oscillator is an electronic circuit that pro-
duces a periodic signal. Oscillators convert direct current to an alternative current
signal. If we use the feedback oscillator, which can increase amplitudes of signal,
then we obtain different boundary conditions for phases and amplitudes in the ca-
nonical equations.

For example, let us consider the region 0 < x </. z >0, which is occupied by a
resonator. The equations have the form

93



Pdu3nka ¥ TEXHUKA BLICOKHX AaBiaennii 2018, Tom 28, Ne 3

2 A2
ih(g+6gj+h—ﬂ+i n([)f:O (114)
Ot ox ) 2k ox? Mo

where index o is omitted.
The solutions of (114) are found as f :=¢((,¢) where {=7—x/V . Then it fol-

lows from (114) that
—ih—+————8n(1)f=0. (115)

Let ¥ =kx . Then this equation can be written as

¥ %*é%‘% n(1)/ =0. (116)
0
The Shrodinger equation has the form
_ihg_‘f+§‘2%‘§:o (117)
with the special initial conditions
¢(x,0) = e /" (118)

where V, Sy, @y are smooth real functions. The Hamiltonian is
pz
H(p,q)=7+V(q). (119)
Asymptotic solutions of the initial problem (117), (118) have the form

(p(x,t):eiSO(x’t)/h(p(x,t) (120)

where unknown functions S(x,7) and ¢(x,t) are smooth. Substituting (120) into
(117), we obtain the equation:

[S; +V(X)%(Sx)z}w(—ih)[%cpx +, +%@Sxx}+(—%jcpxx =0. (121)

It follows from (121) that
1
St+V(x(Q,t))+5SC2=0, 5(5,0)=5,(¢) (122)
with the accuracy of O(hz) where ¢(C,?) satisfies the initial problem
1
9e +Oc Sy +5 @Sy =0, 0(£,0) =0y (C)- (123)
The result is
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1 2
S,+§SC =0. (124)

The solution of (124) has the form S (Q,t) =Mt +A,C that results in an algebraic

relation

A +AS=0. (125)
It follows from (125) that
S(&,t)=n, (C—%Kztj (126)
where A, can be devived from
A
S(Cr=0:0) =228 =—sz=50(x)- (127)
Thus, the phase has the form as follows:
S(x,t) =Mt +1y (r—%). (128)
Since the phase is linear, we have Sic = 0 and S = 0, so the equation is rewritten as
= _5 129
P(C.1)=0| 1 : (129)
Ay

Now we consider the boundary conditions

0, (0.0)=F[o(0,0)], @(L)=Rle(Lr)], >0  (130)

where F and F, are fixed functions.
Assume that the system of ODEs is integrable, that is there exists the integral

W[e(0.),9(Lt)]=n, peRr. (131)

Suppose that there is an open bounded interval / < R* such that for all
(p(O,t) , (p(l,t) e I and at each fixed ¢ > 0 relation (131) is solvable so that

o(L1)=D,[¢[0.1]] (132)

where @, :/+> [ is a unimodal map of C*-class. Then

1 I
(p(l,t)—(p{(l—gjt+k—ze}, (133)

@(O,t):(p{(l—;—zjt}. (134)
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Let A=1- 7»51 , 1>\t and L=1/A,0. Then functional quality (133) can be writ-
ten as
e(t+1)=®,0(1), —I<t<+w0, (135)

As a result, we obtain a difference equation [3,14]. If @, is unimodal, structurally
stable and hyperbolic then a set of fxed points of this map is finite. Then there is a
set of initial functions A(t), te [—L,O) such that the solutions of the difference

equation can be found by step-by-step iterations of the initial function 4(¢) with

the help of ®,,. As a result, for # — o0, the iterations of A(7) tend to a periodic
piecewise constant function with finite or infinite points of discontinuities I" on a
period. If T is finite then we say about oscillations of the relaxation type. If T" is
countable then we have oscillations of the pre-turbulent type. If I' is uncountable
then we have oscillations of the turbulent type.
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HU.B. Kpacniok

BOJIHOBBIE MAKETbI TYPBYIIEHTHOIO TUTMA 5
B HEJIMHENHBIX TPAHNYHBLIX 3AJAYAX KBAHTOBOW MEXAHUKA

PaccmoTtpena HauanbHO-KpaeBas 3a7ada Juisl JuHeiHoro ypaBHeHus lpeaunrepa ¢ Hemu-
HEHHBIMU (DYHKIIMOHAIBHBIMH TPAaHHYHBIME YCIOBHAMU. [l0Ka3zaHO, 9TO aTTpakTop 3a1a4n
COJICPYKHT MEPUOINICCKUE KYCOYHO-TIOCTOSTHHBIE (DYHKIIMM HA KOMIUIEKCHOMW IJIOCKOCTH C
KOHEYHBIM YHCIIOM TOYEK pa3pbiBa HEMPEPHIBHOCTH Ha mepuoje. [Ipemrosxken meron cBe-
JICHUSI 33/1a4d K CUCTEME MHTErpo-TudpepeHIMANbHBIX YpaBHeHUH. PaccMoTpero npwio-
JKEHHE K 3a7]aue 00 ONTHUYECKOM PEe30HATOpPE C OOPAaTHOM CBA3BI0. DIIEMEHTHI aTTPaKTOpa
MOTYT TPAKTOBATHCS KaK OebIe U YepHBIC COIMTOHBI B HEITMHEHHOM ONTHKE.

Kuouesrble ciioBa: ypapHenue llpenunrepa, yHKIIMOHAIBHBIC IBYXTOUYCUHbIC IPaHNY-
HBIEC YCJIOBHS, ACUMITOTUYECKUE IEPUOTUUECKUE KYCOYHO-TTOCTOSHHBIE PACTIPEICICHUS
penaKkcaluoOHHOTO THITA

Puc. 1. Tpaexropun runepOOINUECKUX TUHAMHYECKHX CHCTEM C MPHUTATHBAIOIMINMU U
CENTOBBIMU TOYKaMH Ha TUIOCKOCTH

Puc. 2. OI‘paHI/I‘leHHBIe peHICHUA PCIAKCAIITUOHHOTO THUIIA
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